We study the interplay of two interacting discrete time quantum walks in the presence of disorder. Each walk is described by a Floquet unitary map defined on a chain of two-level systems. Strong disorder induces a novel Anderson localization phase with a gapless Floquet spectrum and one unique localization length ξ1 for all eigenstates for noninteracting walks. We add a local contact interaction which is parametrized by a phase shift γ. A wave packet is spreading subdiffusively beyond the bounds set by ξ1 and saturates at a new length scale ξ2 ξ1. In particular we find ξ2 ∼ ξ 1.2 1 for γ = π. We observe a nontrivial dependence of ξ2 on γ, with a maximum value observed for γ-values which are shifted away from the expected strongest interaction case γ = π. The novel Anderson localization regime violates single parameter scaling for both interacting and noninteracting walks.
I. INTRODUCTION
Anderson localization (AL) [1] [2] [3] [4] established that in the presence of uncorrelated on-site random potential, all eigenstates are exponentially localized in one and two dimensions. In three dimensions, there is an energy mobility edge separating localized and delocalized eigenstates. The localization length ξ 1 is determined by many parameters such as eigenstate energy, hopping integrals between adjacent sites, and the amplitude of the random potential, as obtained for different lattices and various types of random potentials [4] . AL results in a strong suppression of transport in low-dimensional systems [1, 4] . AL was observed experimentally in a variety of condensed matter and optical systems [3, [5] [6] [7] [8] [9] .
The challenging study of the interplay of interaction and disorder leads to a number of unexpected results for the localization properties of many particles eigenstates. The seemingly simplest case of two interacting particles (TIP) in one space dimension was analyzed in an impressive set of publications [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . For uncorrelated disorder the TIP localization length ξ 2 is assumed to be finite, with the main questions addressing the way ξ 2 scales with ξ 1 in the limit of weak disorder [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] , and the nature of the observed sub-diffusive wave packet spreading on length scales ξ 1 L ξ 2 [21, 22] . Lack of analytical results stresses the need of computational studies. However, in all above cases, there are limits set by the size of the system (in particular for diagonalization routines due to immense Hilbert space dimensions), the largest evolution times obtained through direct integrations of time-dependent Schrödinger equations with continuous time variables, and the energy dependence of the localization length ξ 1 .
An interesting alternative platform is Floquet unitary maps on two-level system networks known as discretetime quantum walks (DTQW). DTQWs were introduced for quantum computing purposes [23] [24] [25] [26] . Recently they have been used to study some numerically challenging complex problems of condensed matter physics, e.g. lattice Dirac transport [27] , topological phases [28] , An-derson localization [29, 30] , and nonlinear transport in ordered and disordered lattices supporting flat bands [31, 32] . Note that the resulting Floquet Anderson localization is proven analytically for a whole range of different cases, including those where the eigenvalue spectrum is dense, homogeneous and gapless, and the localization length ξ 1 is governing all random eigenstates independent of their eigenvalues [30] . We stress that DTQWs are particular examples of a Floquet driven quantum lattice, and, therefore, apply to studies of AL under nonequilibrium or simply infinite temperature conditions in an elegant and simple way as compared to the approach defined by time-periodic Hamiltonian systems (see e.g. [33] ). DTQWs have been implemented in various condensed matter and optics setups, see e.g. [34] [35] [36] [37] . Stefanak et al [38] and Ahlbrecht et al [39] proposed an extension of the single particle DTQW to two interacting DTQWs using a local contact interaction which is parametrized by a phase shift γ. We use this Hubbardlike interaction and consider two interacting disordered discrete time quantum walks (TIW). Using direct numerical simulations, we compute the time-dependent spreading of the TIW wave packet and its dependence on the angle ξ 1 , and the strength of the interaction γ. The computational evolution of wave functions for Hamiltonian systems involves the need to control accumulating errors due to the discretization of the continuous time variable. DTQWs do not require such approximations making them superior when it comes to long time evolutions.
The paper is organized as follows: in Sec. II, we first present the model for a single one-dimensional DTQW. We then extend the model to two interacting DTQWs. In Sec. III, we present the computational details and measures used for the study of the time evolution of two interacting DTQWs. In Sec. IV we present the numerical results, and discuss them. Sec. V provides the conclusions. arXiv:1911.11986v1 [cond-mat.dis-nn] 27 Nov 2019
II. MODELS
We consider the dynamics of a single quantum particle with an internal spin-like degree of freedom on a onedimensional lattice [23-26, 28, 30, 40, 41] . Such a system is characterized by a two-component wave function |Ψ(t) defined on a discrete chain of N sites. The wave function is embedded in a 2N -dimensional Hilbert space:
where |α = |± are basis vectors of local two-level systems, |n are basis vectors in a one-dimensional coordinate space, and ψ α n are the wave function amplitudes. The Floquet time evolution of the system is realized by means of a unitary map involving coinĈ and shiftŜ operators:
The coin operatorĈ is a unitary matrix given by [30] 
with local unitary coin operatorsĉ n c n = e iϕn e iϕ1,n cos θ n e iϕ2,n sin θ n −e −iϕ2,n sin θ n e −iϕ1,n cos θ n (4) which are parametrized by four spatially dependent angles θ n , ϕ n , ϕ 1,n and ϕ 2,n . Such local coin operators can be implemented in various experimental setups through e.g. a periodic sequence of effective magnetic field pulses [34] [35] [36] [37] . As it was shown in Ref. [30] , the angle φ n is related to a potential energy, the angles φ 1,n and φ 2,n to an external and internal magnetic flux respectively, and the angle θ n to a local kinetic energy or hopping. In this work we intend to generalize the corresponding problem of two interacting particles in a one-dimensional tight-binding chain with uncorrelated disorder. Therefore we choose φ 1,n = φ 2,n = 0 and θ n ≡ θ, which simplifies the local coinsĉ n in (4) tô
The spatial local disorder will be introduced through the angles ϕ n [30] . This particular choice of disorder resembles a random on-site potential of the original Anderson model [1] . The shift operatorŜ in Eq. (2) couples neighboring sites by shifting all the ψ + n components one step to the right, and all the ψ − n components to the left:
This completes the definition of a single particle discretetime quantum walk [23-26, 28, 30, 40, 41] . We extend the above single particle walk to two interacting discrete time quantum walks (TIW) in analogy to the extension of a single quantum particle in an Anderson model to two interacting particles:
The wave function |Ψ(t) is embedded in a 4N 2dimensional Hilbert space where |α, β are basis vectors of two local two-level systems, and |i, j are basis vectors in a two-dimensional square lattice. The TIW evolution is a obtained through a product of a TIW coinŴ , shiftT and interactionĜ operators acting on the wave function (see Fig.1 ):
The coinŴ and shiftT operators are tensor products of the corresponding single particle operators:
In the absence of an interactionĜ = 1 they describe the evolution of two independent single particle DTQWs. The local Hubbard-like contact interaction between the two DTQWs was introduced in Ref. [39] aŝ
where γ is the interaction strength parameter.N = i |i, i i, i| is a projector on the diagonal of the coordinate space, 1 c is the 4 × 4 unity matrix in the coin space, and 1 p is the N 2 ×N 2 unity matrix in the position space. Note that γ = 0 corresponds to two noninteracting DTQWs.
III. ANDERSON LOCALIZATION
The local disorder is introduced through uncorrelated random values of the angle ϕ n . For the disorder strength 0 ≤ W ≤ 2π, a set of ϕ n is independently drawn from a uniform distribution of [−W/2, W/2].
A. Single particle DTQW
As it was shown in Ref. [30] , all eigenstates of the single particle DTQW are exponentially localized and characterized by a localization length ξ 1 , in full analogy to Anderson localization for Hamiltonian single particle systems [1] . The single particle DTQW possesses two distinct limiting parameter cases for which ξ 1 → ∞. The first is obtained for W → 0, again in full analogy with Hamiltonian systems. The DTQW eigenvalues form a band spectrum and are located on the unit circle [30] , which is in general gapped for W → 0. Consequently the localization length ξ 1 is a function of the eigenvalue and different for different eigenstates, reaching its largest value in the center of the above bands. The second parameter case is unique for Floquet Anderson systems and is obtained for the case of strongest disorder W = π. The DTQW spectrum is now dense, homogeneous and gapless on the unit circle, with all eigenstates having the same localization length irrespective of their eigenvalue [30] :
The limit ξ 1 → ∞ is obtained by varying the hopping angle θ → 0. We are not aware of a similar regime for Hamiltonian systems. In the following, we will study the TIW in that novel regime.
B. TIW
We will follow the time evolution of a TIW wave function starting from the initial state
for which the two single particle DTQWs are localized on the lattice site N/2 where the TIW interaction is present.
The system size N varies from 5000 up to 25000, such that the spreading wave packet does not reach the edges in order to exclude finite system size corrections. We perform a direct numerical propagation of (8) up to t max which varies from 10 4 for the γ = 0 to 10 6 for nonzero interaction strength values.
We follow the wave function probability distribution in coordinate space
To assess TIW localization length scales we will project p ij in three different ways onto a one-dimensional coordinate space and compute the standard deviation of a probability distribution vector {v i } (see e.g. [21, 22] )
Measure 1: projection on a one particle space: we define v i = j p ij (t), substitute in (14) and obtain σ 1 (t).
Measure 2: projection on the space of the center mass motion: we define v i = j p i,j−i (t), substitute in (14) and obtain σ (t).
Measure 3: projection on the space of (relative) distance between particles: we define v i = j p i,i+j (t), and substitute in (14) and obtain σ ⊥ .
In addition to the above three TIW length scales σ 1 , σ , σ ⊥ we also define a length scale σ sp which follows from the numerical simulation of a single particle DTQW. We define v i = |ψ + i (t)| 2 + |ψ − i (t)| 2 , substitute in (14) and obtain σ sp .
In the presence of Anderson localization, all the above length scales are expected to grow in time and saturate at some finite values for t → ∞. For the single particle DTQW we expect σ sp (t → ∞) ∼ ξ 1 . For the noninteracting TIW case γ = 0 we expect the distribution p ij (t → ∞) to have four-fold discrete rotational symmetry (see e.g. inset in Fig.2 ). It follows σ 1 ≈ σ ≈ σ ⊥ ≈ σ sp ∼ ξ 1 . However, for γ = 0 the two walks are expected to be able to travel beyond the limits set by σ sp and ξ 1 as long as their two coordinates are close enough such that |i − j| < ξ 1 . This is in analogy to two interacting particles in Hamiltonian settings. The interaction is introducing nonzero matrix elements between the Anderson eigenstates of the noninteracting system which leads to an effective internal degree of freedom of two walks (or particles) which form a weakly bound state. Consequently the distribution p ij (t → ∞) should elongate along the diagonal i = j and reduce its symmetry to a two-fold rotational symmetry (see e.g. inset in Fig.4 ). It follows σ 1 ≈ σ ≡ ξ 2 , σ ⊥ ≈ σ sp ∼ ξ 1 and ξ 2 ξ 1 . The TIW is therefore characterized by two length scales ξ 2 and ξ 1 . Here N = 5000 for θ = π/8, π/12 and N = 25000 for θ = π/16, π/20. Inset: snapshot of the probability distribution pij(t = 10 4 ) for θ = π/20.
IV. COMPUTATIONAL RESULTS
A. γ = 0
The time dependence σ 1 (t) (averaged over 100 disorder realizations) is shown in Fig.2 for various values of the hopping angle θ with solid lines. We observe the expected saturation of σ 1 for large evolution times t = 10 4 . The wave function probability distribution p ij (t = 10 4 ) is shown in the inset of Fig.2 for θ = π/20. It shows the above discussed four-fold discrete rotational symmetry. In addition we plot the time dependence of σ sp (t) with dashed lines, which are averaged over 10 4 disorder realizations and nicely follow the corresponding σ 1 (t) curves.
A first nontrivial test is the comparison of ξ 1 with σ sp (t → ∞) and σ 1 (t → ∞) for γ = 0. While we expect σ sp ≈ σ 1 , the connection between ξ 1 and σ sp is far from obvious. The Hamiltonian case is known to obey the single parameter scaling property [42] , which implies in our case ξ 1 ∼ σ sp . In Fig.3 we compare the localization length ξ 1 (11) (solid line) with σ sp (t = 10 4 ) from Fig.2 (blue circles) and σ 1 (t = 10 4 ) from Fig.2 (red triangles) for different values of θ. At a first glance the single parameter scaling seems to be satisfied, since the data symbols follow the analytical curve reasonably closely. However, the inset in Fig.3 plots the corresponding ratios σ sp /ξ 1 and σ 1 /ξ 1 versus θ which result in non-horizontal curves and indicate a violation of the single parameter scaling hypothesis. To independently confirm the absence of the single parameter scaling property, we diagonalize the single particle DTQW numerically for a system size N = 1500, and obtain the participation numbers P ν of all eigenfunctions |Ψ ν as 1/P = N n=1 α=± |ψ α n | 4 . The average P = ν P ν /2N is plotted in Fig.3 (green squares). We find that P/ξ 1 is varying with ξ 1 , and even shows an opposite trend as compared to σ sp /ξ 1 , confirming the presence of a variety of different length scales in the problem.
At the same time, the ratio σ sp closely follows σ 1 , implying that any changes in σ 1 upon increasing the TIW interaction γ away from γ = 0 are solely due to the interaction, and not due to measurement ambiguities.
Let us present the numerical analysis of the dynamics of the TIW for non-vanishing interaction γ = 0. The largest absolute value of the term (e iγ − 1) in (10) is obtained for γ = π, which we choose as our operational value in this section. We evolve a system of size N = 25000 up to time t max = 10 6 . We follow the time dependence of the standard deviation σ 1 for various values of the angle θ. These results are presented in Fig. 4 (solid lines). σ 1 (t) shows ballistic-like growth (σ ∝ t) up to σ 1 ∼ ξ 1 in analogy to the noninteracting case. During this first part of the dynamics, the wave packet spreads up to a length scale of the order of the single particle localization length ξ 1 . At variance to the noninteracting case, the interacting dynamics continues beyond the limits set by the single particle DTQW Anderson localization. The corresponding growth of σ 1 with time is close to a sub-diffusive one σ ∝ t α with α ≤ 0.5.
For θ = π/8 and ξ 1 ≈ 12 we observe saturation of σ 1 (t) at the largest computational time t = 10 6 . For smaller values of θ and correspondingly for larger values of ξ 1 , the saturation is shifted to larger time and spatial scales, and becomes barely visible for θ = π/20 and ξ 1 ≈ 81. Choosing larger system sizes, despite being necessary, turns hard due to CPU time and memory limitations. For practical purposes we therefore will present data which correspond to the largest evolution times.
In the inset of Fig.4 we plot the probability distribu- tion of wave function p ij (t = 10 6 ) for θ = π/20. It shows a clear reduction to the two-fold rotational symmetry which leads to the emergence of at least two different length scales σ ⊥ and σ σ ⊥ which characterize the width and elongation of the cigar-like shape. The dependence of the new length scales on the single particle σ sp one is shown in Fig.5 . The width σ ⊥ ≈ σ sp demonstrates that the limit of relative distance on which the two single particle DTQW components of the TIW can propagate is set by σ sp . However, the elongation σ shows a faster than linear growth with σ sp . A simple power law fit σ ≈ σ β sp yields β ≈ 1.2. 
C. Varying γ
Finally we study the impact of varying the interaction strength γ for two different values of θ = π/8 and θ = π/12 in Fig.6 . In order to avoid disorder realization induced fluctuations, we evolve the wave packet up to t = 2 · 10 5 (which is sufficient for the chosen θ values) and average over 10 disorder realizations. We first discuss the data for the width σ ⊥ . Since we concluded that σ ⊥ ≈ σ sp is a single particle DTQW length scale, it should not depend on the strength of γ. Indeed, the computational data demonstrate this very clearly. At the same time, the elongation scale σ respectively σ 1 should strongly depend on γ. Again, the computational data in Fig.6 demonstrate this very clearly. The curves σ ,1 (θ) show a clear maximum at γ m (θ). Surprisingly, γ m = π, with a weak but observable dependence on θ. Therefore the value γ = π is in general not corresponding to the case of strongest enhancement of the TIW localization length. Possibly there is a hidden symmetry in the TIW problem at γ = π whose violation for γ = π might lead to an enhancement of the localization length.
V. CONCLUSION AND OUTLOOK
We analyzed the interplay of disorder and interaction in the Floquet Anderson localization problem of two interacting discrete time quantum walks. The single particle DTQW is described by a Floquet unitary map defined on a chain of two-level systems. Despite the action of strong disorder in one of the Floquet unitary map parameters, the resulting novel Anderson localization phase is characterized by a gapless Floquet spectrum and one unique localization length ξ 1 for all single particle eigenstates. The ratio of the participation number of the eigenstates P over ξ 1 is not constant, indicating a violation of the usually expected single parameter scaling regime as known for Hamiltonian disordered systems. We add a local contact interaction, which is parametrized by a phase shift γ. A wave packet is spreading subdiffusively beyond the bounds set by ξ 1 and saturates at a new length scale ξ 2 ξ 1 . For the assumed strongest interaction case γ = π we identify a new length scale ξ 2 ξ 1 which follows ξ 2 ∼ ξ 1.2 1 . We observe a nontrivial dependence of ξ 2 on γ, with a maximum value observed for γ-values which are shifted away from the expected strongest interaction case γ = π. We currently lack an understanding of this intriguing fact, which has to be addressed in future work. In the absence of interaction γ = 0 we confirm the persistence of the violation of the single parameter scaling. The explanation of this surprising observation is another interesting topic to be addressed in future work.
